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SHORT COMMUNICATION 
One more approach to the.computation of Cauchy principal 
value integrals 
N. I. Ioakimidis (*) 
1. INTRODUCTION 
We will consider the numerical evaluation of Cauchy 
principal value integrals of the form 
I(f;X) = fd  f(x) dx, X~(c,d), (1.1) 
C X--)k 
along a finite real interval [c,d]. In (1.1) the integrand 
f(x) is assumed to be a HiSlder-continuous function 
for the existence of I(f'A). We recall the def'mition of 
I(f;X) in the principal value sense 
I(f;X) = lim 0 (f~c-'e + fd+e)x-~. ~ dx, e>0. (1.2) 
During the last two decades everal papers appeared 
and efficient quadrature rules were suggested for the 
evaluation of I(f;X). Several references are given in a 
recent paper by EUiott and Paget [3] and it does not 
seem necessary to repeat hem here. Among the 
approaches used for the evaluation of Cauchy 
principal value integrals, we can mention :
(i) the replacement of f(x) in (1.1) by an interpolation 
polynomial Ln(f;x ) and the approximation of I(f;X) 
by I[Ln(f);X] (Korneichuk [8]), 
(ii) the direct use of a Gaussian or some other inter- 
polatory quadrature rule for the evaluation of I(f;X), 
the principal part of the error term (due to the pole 
x=X in I(f;X)) taken also into account (Hunter [5]; 
Ioakimidis [6], Ioakimidis and Theocaris [7,13] in the 
general case of existence of a weight function w(x) ), 
(iii) the appropriate transformation of I(f;X) so that it 
is reduced to a regular integral (Longman [10], Pies- 
sens [11]), 
(iv) the splitting of I(f;X) into two finite-part integrals 
(Kutt [9]) and 
(v) the evaluation of I(f;X) as the limiting value of the 
sum of two regular integrals by using the Plemelj 
formula (Ioakimidis and Theocaris [7,13]). 
It seems trange that, to the author's best knowledge, 
the definition of I(f;X) in the principal value sense by 
(1.2) was never used as an approach for the derivation 
of quadrature rules for the evaluation of I(f;X) 
although this is more convenient than the method of 
finite-part integrals [9]. This approach is suggested in
this short communication. The quadrature rules 
derived are seen to be a generalization of the method 
of Longrnan [10]. The contribution of the paper shares 
the attention between the use of the new approach 
and the derivation of a new class of quadrature rules 
for Cauchy principal value integrals, but emphasis i  
placed on the first point. The possibility of using 
Gaussian quadrature rules in (1.2) for the evaluation 
of I(f;X) and the convergence of the method (in 
most cases) just for Hrlder-continuous functions f(x) 
(a fact which does not happen with the direct 
quadrature method [5-7,13]) are also of interest. A 
generalization to the case of two-dimensional Cauchy 
principal value integrals is also made. 
2. DERIVATION OF THE QUADRATURE RULE 
At first, we observe that in all cases it is possible to 
reduce the numerical evaluation of I(f;X) to the 
evaluation of 
J(f) = fb  f(x) dx, a<0<b, (2.1) 
a x 
by a simple linear variable transformation. By taking 
into account (1.2), we have 
j(f) = ° f/x/dx,  (2,2/ 
X 
If we have available an interpolatory quadrature rule 
of the form 
n 
fof(y)dy = i=~lAi,nf(Yi,n)+En(f), (2.3) 
where Yi,n are the nodes, Ai, n the weights and E n 
the error term, we can transform J(f), given by (2.2), 
as 
J(f) = J l(f) +J2(f), (2.4) 
where  
J l (f)  = lim f l  f !by)-f(ay) dy, (2.5) 
e--,0 /b y 
Fun" [-ela ~ dy. (2.6) J2 (f) 
e-.0 %/b y 
We take into account hat f(x) is a HiSlder-continuous 
function. Hence, we have 
If(x2)-f(xl)l ,; A Ix2-xll/a, V(Xl,X2)~[a,b], (2.7) 
where A is a positive constant and # is a positive 
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number in the interval C0,1]. Then, clearly, J l(f) is a 
regular integral (if/~ = 1) or a singular integral, but 
with an integrable singularity (if/a~(0,1)) and, there- 
fo re ,  we  have 
j l ( f  ) = f(bv)-f(ay) dy. 
t /  Y 
As regards J2(f), we have 
J2(f) = lim [ f-e/a f(av)-f(0) 
e--,0 [ e/b y 
(2.8) 
dY~f(0)/-e/a dy-~ 1 " 'e /b  
(2.9) 
Now, because of (2.7), it is clearly seen that the first 
term of the right side of (2.9) tends to 0 as e ~0. Then 
we obtain 
J2(f) = f(o)lnlb/al. (2.10) 
In this way, by applying the quadrature rule (2.3) to 
Jl(f) and using (2.4) and (2.10), we obtain for the 
approximation Qn(f) of J(f) 
J ( f)~ Qn(f) =- ~ Ai'n[f(bYi,n)-f(aYi,n)l+f(0)ln b I 
i= 1 Yi,n 
(2.11) 
Of course, if f(x) possesses a derivative in the neigh- 
borhood of x = 0, then the convergence of the qua- 
drature rule (2.3) assures the convergence of the 
quadrature rule (2.11). (A similar remark was made by 
Elliott and Paget [3] in the case of the Gaussian 
quadrature rules (theorem 4.2)). But, even if this is 
not the case, it is most probable that the quadrature 
rule (2.11) converges provided that the point x = 0 is 
not included among the nodes xi, n used. Sufficient 
conditions for such a convergence were obtained by 
Rabinowitz [12] and Gautschi [4]. 
Finally, we can mention that in the special case when 
a = -b, J2(f) = 0 and J(f) = Jl(f). This special case 
was already considered long ago by Longrnan [10] 
(who yet used an approach quite different from the 
one used here). Hence, the quadrature rule (2.11) is 
a generalization of the quadrature rule of Longman. 
It is also important o repeat here the remark of 
Longman that the evaluation o f J l ( f  ) is in all cases the 
problem of computing a regular or a singular integral 
(but with an integrable singularity) and not a Cauchy 
principal value integral (as was the case with J(f)). 
3. INTERPRETATION AND CONVERGENCE OF 
THE QUADRATURE RULE 
The derivation of the quadrature rule Qn(f) for the 
approximation of J(f) made in the previous ection 
aimed to the illustration of the approach suggested in
this paper for the evaluation of Cauchy principal 
value integrals. Nevertheless, the quadrature rule 
Qn(f) can also be obtained without using limiting 
values as follows. 
We rewrite J(f), given by (2.1), as 
J(f) = f 0 f(x)-f(0)dXa x , fo b f(x)-f(0)x dx +f(0)fba --,dXx 
(3.1) 
following a standard evice [2], or better as 
J(f)=- f l  f(aY)-f(O)dy +fl f b~)-f(O)-dY * Y 
(3.2) 
Now, if we apply the quadrature rule (2.3) to the 
evaluation of the integrals in (3.2), we obtain again 
the quadrature rule Qn(f), given by (2.11). Of course, 
it would be also possible to use two different 
quadrature rules for the evaluation of the two integrals 
in (3.2) or even in (3.1), probably with different 
numbers of nodes.Moreover, the case of existence of 
a weight function w(x) can also be successfully treated 
by the above procedure. 
Finally, as regards the convergence of our quadrature 
rule, Qn(f), it depends imply on the convergence of
the quadrature rule (2.3) andon the behavior of the 
function 
g0(Y) = [f(by) - f(ay)]/y (3.3) 
or, better, of the functions 
gl(Y) = [f(by)-f(0)]/y, g2(Y)= [f(ay)-f(0)]/y (3.4) 
along [-1,1] as is clear from (2.8) and (3.2), respect- 
ively, since, essentially, the quadrature rule (2.3) is 
applied to these functions. Standard convergence 
results are well known (see, e.g., [1]) and can be 
trivially applied here. Moreover, the results of [4] 
and [12] are useful in the case when go(y), gl(Y) and 
g2(Y) present integrable singularities as y~0. 
4. AN APPLICATION : COMPUTATION OF TWO- 
DIMENSIONAL PRINCIPAL VALUE INTEGRALS 
It seems that the above procedure for the evaluation 
of one-dimensional Cauchy principal value integrals 
(based on using the definition of such an integral) is 
ideal for the effective numerical evaluation of two- 
dimensional Cauchy principal value integrals. Such 
an integral can equivalently be written as [14] 
I = lira f(0) dr dO, 
e--,0 r 
e>0, R(0)>0, 0g0< 27r, (4.1) 
(see, e.g., [14], where further eferences are given), 
where the characteristic f(0) should satisfy the con- 
dition 
f2rt f(0) = (4.2) dO 0 
and the density u0(x,y ) --- u(r,0) is assumed to be a 
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regular function on the region S of  the (x,y) plane, 
possessing also bounded first derivatives with respect 
to x and y. As regards R(0), it depends on the shape 
of the region S. (It is the distance of the points of its 
boundary from the point (x 0, Y0) for each polar 
angle 0). 
In [14] it was seen that if f(0) is an odd function of 0, 
then the usual quadrature rules for the evaluation of 
one-dimensional Cauchy principal value integrals [6,7] 2. 
can be successfully used (with respect o the variable r) 
together with the trapezoidal rule (with respect o the 
variable 0) for the evaluation of  I. In all other cases, 3. 
the quadrature rules of  Kutt [9] for one-dimensional 
finite-part integrals have to be used for the integration 
with respect o the variable r [14]. As already mention- 
ed, this is not convenient because of the special nodes 4. 
and weights required for these rules and other 
peculiarities of  these rules. Here we will use directly 
the definition (4.1) of I for its evaluation and the 5. 
simplest approach is that described in section 3. 
Hence, we rewrite (4.1) as 
27 Ifm(O) u(r,O)-u~) fm(0) dr] 6. 
I = lira fo f(O) dr+u~ dO, 
e~O r . 
(4.3) 
where u0=--u0(x0,Y0) --- u(0,0) for every 0. The first 
7. 
integral with respect o r can be evaluated numerically, 
by putting e = 0, as 
fR  n (0) u(r,0)-u~ dr = ]~ 
r i= 1 Ai'n 
utR(O)Yi'n'O ]'UO +E**(u),  
Yi,n 
(4.4) 
where the quadrature rule (2.3) was used. Moreover, 
for the second integral with respect o r in (4.3), we 
have 
fR(O) = 1 nR(O)-lne. (4.5) dr 
1" 
Because of (4.4) and (4.5), we obtain from (4.3) 
,21r [ n u[R(0)Yi,n,0 ] . ] 
[i~ A. ~-u01nR(0 )_ dO I=  J0 f(0). 1 1,n Yi,n 
+ E***(u). (4.6) 
This equation holds true because of the validity of 
(4.2). Moreover, obviously, e should not depend on 0 
in the above equations in compatibility with the 
definition of  a two-dimensional Cauchy principal 
value integral. Finally, by applying the trapezoidal or 
any other convenient quadrature rule with respect o 
the polar angle 8 (exactly as in [14]) to (4.6), we ob- 
tain the desired quadrature rule for I. 
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